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PATTERN RECOGNITION ON ORIENTED MATROIDS:
CRITICAL COMMITTEES AND DISTANCE SIGNALS
ANDREY O. MATVEEV
Abstract. IfV(R) is the vertex sequence of a symmetric cycleR in the
tope graph of a simple acyclic oriented matroidM on a t-element ground
set, then the set minV(R) of minimal elements in the subposet V(R) of
the tope poset of M, based at the positive tope, is a critical committee
for M that votes for the base tope. We consider
the sequence zR := (ρ(R) : R ∈ V(R)) of poset ranks of the elements
from the vertex sequence of R as a fragment of a signal with period 2t
and relate the number of members of the committee minV(R) to the
magnitudes of ⌊ t
2
⌋ components, with odd indices, of the discrete Fourier
transform of the distance vector zR.
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1. Introduction
If V is the vertex sequence of some path in a connected graph, then the
corresponding sequence (d(w, v) : v ∈ V) of distances between its vertices
and a distinguished vertex w of the graph can be extended in a natural way
to a periodic signal. In this note, which is a companion to [3], we consider
such distance signals associated with symmetric cycles in the tope graph
of an oriented matroid. See [1] on oriented matroids. When the vertex
sequence of a symmetric cycle is regarded as a subposet of the tope poset
and the distinguished vertex of the tope graph is the base tope of the tope
poset, a few basic observations (see, e.g., [2, Chapter 2],[5, Chapters 1÷6])
concerning the discrete Fourier transform (DFT) allow us to express the
number of minimal elements of the vertex sequence of the symmetric cycle
via the magnitudes of components of the DFT of the distance signal. In
the case of an acyclic oriented matroid on a t-element ground set, with
the distinguished positive tope, we thus relate the number of members of a
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troid, tope, tope graph, tope poset.
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critical committee to the magnitudes of ⌊ t2⌋ components, with odd indices,
of the DFT of the distance signal.
2. Critical Committees and Distance Signals
LetA := (Et,T ) be a simple acyclic oriented matroid on the ground set Et
:= {1, . . . , t}, with set of topes T whose components − and + are replaced by
the real numbers −1 and 1, respectively. Let R := (R0, R1, . . . , R2t−1, R0)
be a symmetric cycle in the tope graph of A, that is, Rk+t = −Rk, 0 ≤ k
≤ t− 1. Denote by T (L(A),T(+)) the tope poset of A based at the positive
tope T(+). The set minV(R) of minimal elements of the subposet V(R)
:= (R0, R1, . . . , R2t−1) ⊂ T (L(A),T(+)) is a critical tope committee for A:
it is the inclusion-minimal subset K∗ ⊂ V(R) such that
∑
T∈K∗ T = T
(+).
Let ρ(T ) denote the poset rank of a tope T ∈ T (L(A),T(+)). The sequence
zR :=
(
zR(0) := ρ(R
0), zR(1) := ρ(R
1), . . . , zR(2t− 1) := ρ(R
2t−1)
)
determines the distance signal zR : Z→ {0}∪˙Et of R, with period 2t:
zR(j + 2t) = zR(j) , j ∈ Z .
Let ℓ2(Z2t) denote the 2t-dimensional complex coordinate space; the el-
ements of ℓ2(Z2t) are supposed to be row vectors whose components are
indexed from 0 to 2t − 1. We consider the distance vector zR of R as an
element of the space ℓ2(Z2t).
Let ι denote the vector (1, 1, . . . , 1) ∈ ℓ2(Z2t). Since zR(k)+zR(k+ t) = t,
0 ≤ k ≤ t− 1, we have
zR · ι
⊤ = t2 .
If R ∈ V(R) is a vertex of the symmetric cycleR then we denote by N (R)
the neighborhood of R in the cycle R; I and C denote the 2t× 2t identity
matrix and basic circulant permutation matrix, respectively, with the rows
and columns indexed from 0 to 2t− 1.
• On the one hand, |minV(R)| = t− 14
∑
{R′,R′′}:=N (R):
R∈V(R)
|ρ(R′′)− ρ(R′)|,
and we have
|minV(R)| = t−
1
8
∑
{R′,R′′}:=N (R):
R∈V(R)
(
ρ(R′′)− ρ(R′)
)2
= t−
1
4
∑
{R′,R′′}:=N (R):
R∈V(R)
(
ρ(R)2 − ρ(R′)ρ(R′′)
)
;
in other words, |minV(R)| = t− 14zR · (I −C)(I+C) · zR
⊤, or
|minV(R)| = t−
1
8
zR · (2I −C
−2 −C2) · zR
⊤ . (2.1)
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The first row of the symmetric circulant matrix 2I−C−2−C2 is the vector
b := (2, 0,−1, 0, . . . , 0,−1, 0); the components of the DFT of b are
bˆ(k) :=
2t−1∑
n=0
b(n)e−piıkn/t = 4 sin2 pikt , 0 ≤ k ≤ 2t− 1 .
Denote by W the 2t× 2t Fourier matrix; its (m,n)-th entries are e−piımn/t,
0 ≤ m,n ≤ 2t− 1. The DFT and inverse DFT of the distance vector zR are
the vectors zˆR := zRW and zˇR := zRW
−1, respectively; thus,
zˆR(k) : =
2t−1∑
j=0
zR(j)e
−piıkj/t
=
t−1∑
j=0
(
zR(j)e
−piıkj/t + (t− zR(j))e
−piık(j+t)/t
)
, 0 ≤ k ≤ 2t− 1 ,
that is,
zˆR(k) =


t2 , k = 0 ,
0 , k even, k 6= 0 ,
2
(
−t(1− e−piık/t)−1 +
∑t−1
j=0 zR(j)e
−piıkj/t
)
, k odd ;
in particular, if t is odd then zˆR(t) = −t+ 2
∑t−1
j=0(−1)
jzR(j).
We have
2I −C−2 −C2 = W−1 · 4 diag(0, sin2 pit , . . . , sin
2 pik
t , . . . , sin
2 pi(2t−1)
t ) ·W ,
and Eq. (2.1) implies that
|minV(R)| = t− 12 zˇR · diag(0, sin
2 pi
t , . . . , sin
2 pik
t , . . . , sin
2 pi(2t−1)
t ) · zˆR
⊤ .
(2.2)
Denote by zˆR the vector composed of the complex conjugates of components
of zˆR. Since zˇR =
1
2t zˆR, it follows from Eq. (2.2) that
|minV(R)| = t− 14t zˆR · diag(0, sin
2 pi
t , . . . , sin
2 pik
t , . . . , sin
2 pi(2t−1)
t ) · zˆR
⊤ .
Using Plancherel’s formula, we reformulate this observation:
|minV(R)| = t−
1
4t
2t−1∑
k=0
|zˆR(k)|
2 · sin2 pikt (2.3)
= t−
1
2
‖zR‖
2 +
1
4t
2t−1∑
k=0
|zˆR(k)|
2 · cos2 pikt .
Since zˆR(k) = zˆR(2t− k) and the magnitudes |zˆR(k)| do not depend on
circular translation: |(zRC
j )ˆ (k)| = |zˆR(k)|, 1 ≤ k ≤ 2t−1, for any integer j,
we restate Eq. (2.3) in the following way:
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Proposition 2.1. (i) For any distance vector zR of the symmetric cy-
cle R, we have
|minV(R)| = t−
1
2t
∑
1≤k≤t−1,
k odd
|zˆR(k)|
2 · sin2 pikt . (2.4)
(ii) Let M := (Et,T ) be a simple oriented matroid (it has no loops,
parallel or antiparallel elements), and V(R) := (R0, R1, . . . , R2t−1)
the vertex sequence of a symmetric cycle R in the tope graph of M.
Given a tope T of M, denote by zT,R the distance vector of R with
respect to the tope T , that is, the sequence (d(T,R) : R ∈ V(R)) of
graph distances between T and the vertices of R. For the inclusion-
minimal subset Q(T,R) ⊂ V(R) such that T =
∑
Q∈Q(T,R)Q, we
have
|Q(T,R)| = t−
1
2t
∑
1≤k≤t−1,
k odd
|zˆT,R(k)|
2 · sin2 pikt . (2.5)
The vertex sequence V(R) is a maximal positive basis of Rt; the existence of the
set Q(T,R), of odd cardinality, of linearly independent elements of Rt, mentioned
in Proposition 2.1(ii), is guaranteed by [3, Corollary 2.2].
Following [4, Lecture 6], define the distance enumerator, with respect to a
tope B ∈ T , of the set T , as the polynomial DB,T (x) :=
∑
T∈T x
d(B,T ). In an
analogous manner, define the distance enumerator of the vertex set of the symmet-
ric cycle R as the summand DB,V(R)(x) :=
∑
T∈V(R) x
d(B,T ) of DB,T (x).
Note that for any topes T ′ and T ′′ of M the graph distance between them is
d(T ′, T ′′) = t − 14‖T
′′ + T ′‖2 = 14‖T
′′ − T ′‖2 = 12
(
t − 〈T ′′, T ′〉
)
. Thus, if T • is
a halfspace of M, and if W ⊂ V(R) is the vertex sequence of a (t − 1)-path in
the cycle R, then DB,T (x) = x
t/2
∑
T∈T •(x
−〈B,T 〉/2 + x〈B,T 〉/2) and DB,V(R)(x)
= xt/2
∑
T∈W(x
−〈B,T 〉/2 + x〈B,T 〉/2).
Associate with a tope T ∈ T the 2t-dimensional row vector q(T,R) defined
by qj(T,R) := 1 if R
j ∈ Q(T,R), and qj(T,R) := 0 otherwise. Let G(R) denote
the Gram matrix of the sequence V(R). For topes T ′ and T ′′ of M we have
d(T ′, T ′′) = 12
(
t− q(T ′′,R)G(R)q(T ′,R)⊤
)
.
• On the other hand,
|minV(R)| =
1
8
∑
{R′,R′′}:=N (R):
R∈V(R)
(
ρ(R′) + ρ(R′′)− 2ρ(R)
)2
=
1
4
∑
{R′,R′′}:=N (R):
R∈V(R)
(
3ρ(R)2 − 2ρ(R)(ρ(R′) + ρ(R′′)) + ρ(R′)ρ(R′′)
)
,
that is, |minV(R)| = 14zR · (I −C)(3I −C) · zR
⊤, or
|minV(R)| =
1
8
zR · (6I − 4C
−1 − 4C+C−2 +C2) · zR
⊤ . (2.6)
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Eqs. (2.1) and (2.6) imply that |minV(R)| = t2 +
1
4zR · (I − C)
2 · zR
⊤
= 3t4 −
1
4zR · (I−C)C · zR
⊤; in other words, we have
|minV(R)| =
t
2
+
1
8
zR · (2I − 2C
−1 − 2C+C−2 +C2) · zR
⊤ (2.7)
and
|minV(R)| =
3t
4
−
1
8
zR · (C
−1 +C−C−2 −C2) · zR
⊤ ; (2.8)
note also that
zR · (I−C) · zR
⊤ = t .
We derive from Eqs. (2.6), (2.7) and (2.8) the relations
|minV(R)| =
1
4t
2t−1∑
k=0
|zˆR(k)|
2 · (cos2 pikt − 2 cos
pik
t + 1) ,
|minV(R)| =
t
2
+
1
4t
2t−1∑
k=0
|zˆR(k)|
2 · (cos2 pikt − cos
pik
t )
and
|minV(R)| =
3t
4
+
1
8t
2t−1∑
k=0
|zˆR(k)|
2 · (2 cos2 pikt − cos
pik
t − 1)
that are equivalent to Eq. (2.3).
• LetR′ andR′′ be two symmetric cycles in the tope graph of the oriented
matroid A, and zR′ and zR′′ their distance vectors. Consider the
vectors e := zR′′ − zR′ and m := zR′′ + zR′ . Note that the components of
their DFTs are:
eˆ(k) =
{
0 , k even ,
2
∑t−1
j=0 e(j)e
−piıkj/t , k odd ,
and
mˆ(k) =


2t2 , k = 0 ,
0 , k even, k 6= 0 ,
2
(
−2t(1− e−piık/t)−1 +
∑t−1
j=0m(j)e
−piıkj/t
)
, k odd ;
thus, if t is odd then eˆ(t) = 2
∑t−1
j=0(−1)
je(j) and mˆ(t) = 2
(
−t+
∑t−1
j=0(−1)
jm(j)
)
.
It follows from Proposition 2.1(i) that
|minV(R′)|+ |minV(R′′)| = 2t−
1
4t
∑
1≤k≤t−1,
k odd
(
|eˆ(k)|2 + |mˆ(k)|2
)
· sin2 pikt .
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